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Abstract. We find conditions which guarantee that a given flow $ on 
a closed smooth manifold M admits a smooth Lyapunov one-form to 
lying in a prescribed de Rham cohomology class ^ G _H"^(M;R). These 
conditions are formulated in terms of Schwartzman's asymptotic cycles 
^^^('l') G Hi{M- R) of the flow. 



1. Introduction 

C. Conley ^ |2] showed that any continuous flow <^ : X x R ^ X on 
a compact metric space X "decomposes" into a chain recurrent flow and a 
gradient-like flow. More precisely, he proved the existence of a continuous 
function L : X — > R which (i) decreases along any orbit of the How in the 
complement X — Roi the chain recurrent set R (Z X oi^ and (ii) is constant 
on the connected components of R. Such a function L is called a Lyapunov 
function for This existence result plays a fundamental role in Conley 's 
program of understanding general flows as collections of isolated invariant 
sets linked by heteroclinic orbits. 

A more general notion of a Lyapunov 1-form was introduced in paper 
[3]. Lyapunov 1-forms, compared to Lyapunov functions, allow to go one 
step further and to analyze the flow within the chain-recurrent set R as 
well. Lyapunov 1-forms provide an important tool in applying methods 
of homotopy theory to dynamical systems. In the recent papers jl], [S] a 
generalization of the Lusternik - Schnirelman theory was constructed which 
applies to flows admitting Lyapunov 1-forms. 

The problem of existence of Lyapunov 1-forms was addressed in our recent 
preprint where we worked in the category of compact metric spaces, con- 
tinuous flows and continuous closed 1-forms. In the present paper we study 
the smooth version of the problem: we construct smooth Lyapunov 1-forms 
for smooth flows on smooth manifolds. We use Schwartzman's asymptotic 
cycles to formulate a necessary condition for the existence of Lyapunov 1- 
forms in a given cohomology class. We also show that under an additional 
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assumption this condition is equivalent to the homological condition intro- 
duced in our previous paper jHj. 

2. Definition 

Let y be a smooth vector field on a smooth manifold M. Assume that 
V generates a continuous flow "3> : M x R ^ M and y C M is a closed, 
flow-invariant subset. 

Definition 1. A smooth closed 1-form lo on M is called a Lyapunov one- 
form for the pair ($, Y) if it has the following properties: 

(Al) The function = uj{V) is negative on M — Y; 

(A2) There exists a smooth function / : J7 — > R defined on an open neigh- 
borhood UofY such that 

'^\u = df and dfly = 0. 

The above definition is a modification of the notion of a Lyapunov 1-form 
introduced in section 6 of j5j. The definition of 5 requires that Y consists 
of finitely many points and the vector field V is locally a gradient of uj with 
respect to a Riemannian metric. 

Definition ^ can also be compared with the definition of a Lyapunov 1- 
form in the continuous setting which was introduced in Condition (Al) 
above is slightly stronger than condition (LI) of Definition 1 in |^. Condition 
(A2) is similar to condition (L2) of Definition 1 from jHI although they are 
not equivalent. 

There are several natural alternatives for condition (A2). One of them is: 
(A2') The 1-form w, viewed as a map u : M ^ T*{M), vanishes on Y. 
It is clear that (A2) implies (A2'). We can show that the converse is true 
under some additional assumptions: 

Lemma 1. // the de Rham cohomology class ^ of uj is integral, ^ = [w] G 
H^{M;Z), then the conditions (A2') and (A.2) are equivalent. 

Proof. Clearly we only need to show that (A2') implies (A2). Since is 
integral there exists a smooth map cj) : M ^ such that uj = (fi*{dO)., where 
dO is the standard angular 1-form on the circle S^. Let a G 5^ be a regular 
value of 4). Assuming that (A2') holds it then follows that U = M — (j)~'^{a) 
is an open neighborhood of Y. Clearly uj\u = df where f : U — R is a 
smooth function which is related to cj) by (j){x) = ex.p{if{x)) for any x G U. 
Hence (A2) holds. □ 

Lemma 2. The conditions (A2' ) and (A2) are equivalent if Y is an Eu- 
clidean Neighborhood Retract (ENR). 

Proof. Again, we only have to establish (A2') =?■ (A2). Since Y is an ENR it 
admits an open neighbourhood U C M such that the inclusion ijj '-U ^ M 
is homotopic to o r, where iy : y — > M is the inclusion and r : U ^ Y 
is a retraction (see [S], chapter 4, §8, Corollary 8.7). Pick a base point Xj 
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in every path-connected component Uj of U and define a smooth function 
: [/, ^ R by 

X 
Xj 

The latter integral is independent of the choice of the integration path in 
Uj connecting Xj with x. This claim is equivalent to the vanishing of the 
integral u; for any closed loop 7 lying in U . To show this we apply the 
retraction to see that 7 is homotopic in M to the loop 71 = r o 7, which 
lies in Y; thus we obtain J^uj = /^^ a; = because of (A2'). It is clear that 
the functions fj together determine a smooth function f : U ^ Ti with 
df = uj\u- □ 

Our main goal in this paper is to find topological conditions which guar- 
antee that for a given vector field V on M there exists a Lyapunov 1-form 
UJ lying in a prescribed cohomology class G H^{M; R). 



3. Asymptotic cycles of Schwartzman 

Let M be a closed smooth manifold and let y be a smooth vector field. 
Let $ : M X R ^ M be the flow generated by V. 

Consider a Borel measure /i on M which is invariant under <I>. According 
to S. Schwartzman ^S], these data determine a real homology class 

A^ = A^{<^) GFi(M;R) 

called the asymptotic cycle of the flow $ corresponding to the measure fi. 
The class is defined as follows. For a de Rham cohomology class G 
H^{M;R) the evaluation {S.,Af,) G R is given by the integral 

(3.1) {C,Af,) = [ Lv{uj)dfi, 

Jm 

where a; is a closed 1-form in the class Note that {S^, A^) is well-defined, 
i.e. it depends only on the cohomology class ^ of to, see page 277. 
Indeed, replacing uj hy uj' = lo + df, where / : M — > R is a smooth function, 
the integral in ()3.1() gets changed by the quantity 

(3.2) / V{f)dfi = lim - [ {f{x-s)-f{x)}dfi{x). 

Here V{f) denotes the derivative of / in the direction of the vector field V 
and X ■ s stands for the flow ^{x, s) of the vector field V. Since the measure 
fj, is flow invariant, the integral on the RHS of H3.2() vanishes for any /. It 
is clear that the RHS of 1)3. 1|) is a linear function of G H^{M;¥i). Hence 
there exists a unique real homology class A^ G i7i(M;R) which satisfies 
(|3Jl) for ah ^ G H^{M;K). 



4 



M. FARBER, T. KAPPELER, J. LATSCHEV, AND E. ZEHNDER 



4. Necessary Conditions 

We consider the flow $ as being fixed and we vary the invariant measure 
fj.. As the class Afj, £ i?i(M;R) depends linearly on /x, the set of asymp- 
totic cycles Afx corresponding to all <I>-invariant positive measures forms 
a convex cone in the vector space Hi{M; R). 

Proposition 1. Assume that there exists a Lyapunov 1-form for {^,Y) 
lying in a cohomology class ^ € (M ; R) . Then 

(4.1) (e,^^) < 

for any ^-invariant positive Borel measure /x on M ; equality in i4.1[ ) takes 
place if and only if the complement of Y has measure zero. Further, the 
restriction of to Y , viewed as a Cech cohomology class 

i\YeH\Y;K) 

vanishes, = 0. 

Proof. Let lj be a Lyapunov one-form for ($, Y) lying in the class ^. Accord- 
ing to Definition ^ the function iv'(w) is negative on M — y and vanishes 
on Y . We obtain that the integral 

iv{u^)d^ = 

M 

is nonpositive. 

Assuming /x(M — y) > 0, we find a compact K (Z M — Y with ii{K) > 0; 
this follows from the Theorem of Riesz - see e.g. Theorem 2.3(iv), page 
256. There is a constant e > such that lv{uj)\k < — c Therefore, one has 

Lv{uj)dij. < -e^{K) < 0. 

M 

Hence, the value A^) is strictly negative if the measure ^ is not supported 
in Y. 

To prove the second statement we observe (see t^i^t the Cech coho- 
mology -ff^(y;R) equals the direct limit of the singular cohomology 

H^iY;K) = lim H^(W;Yi), 

where W runs over open neighborhoods of Y. It is clear in view of condition 
(A2) that = G H^{U; R) (by the de Rham theorem). Hence the result 
follows. □ 

5. Chain-recurrent set 

Given a flow <I>, our aim is to construct a Lyapunov 1-form uj for a pair 
(<I>,y) lying in a given cohomology class ^ G H^{M;'R). A natural candi- 
date for Y is the subset = R^{^) of the chain-recurrent set R = R{^) 
which was defined in . For convenience of the reader we briefly recall the 
definition. 
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Fix a Riemannian metric on M and denote by d the corresponding dis- 
tance function. Given any 5 > 0, T > 1, a {6,T)-chain from x M to 
y G M is a finite sequence xq = x, xi, . . . , xjy = y of points in M and num- 
bers ii, . . . , G R such that ti >T and d{xi-i -ti, Xi) < 5 for all 1 < i < A''. 
Here we use the notation ^{x,t) = x ■ t. The chain recurrent set R = R{^) 
of the flow $ is defined as the set of all points x € M such that for any 
5 > and T > 1 there exists a (5, T)-chain starting and ending at x. The 
chain recurrent set is closed and invariant under the flow. 

Given a cohomology class € H^{M; R) there is a natural covering space 

: M associated with ^. A closed loop 7 : [0, 1] — > M lifts to a 

closed loop in if and only if the value of the cohomology class ^ on the 
homology class [7] G Hi{M; Z) vanishes, [7]) = 0. See [19] . 

The flow $ lifts uniquely to a flow $ on the covering M^. Consider 
the chain recurrent set R{^) C of the lifted flow and denote by R^ = 
C M its projection onto M. The set R^ is referred to as the chain 
recurrent set associated to the cohomology class It is clear that R^ is a 
closed and ^-invariant subset of R. We denote by the complement of R^ 
in R, 

= R — R^. 

A different definition of R^ which does not use the covering space can 
be found in "F. 

To state our main result we also need the following notion. A (6, T) -cycle 




of the flow $ is defined as a pair {x,t), where x G M and t > T such that 
d{x, X ■ t) < 6. If 5 is small enough then any {S, r)-cycle determines in a 
canonical way a unique homology class z G Hi{M; Z) which is represented 
by the flow trajectory from x to x ■ t followed by a short "arc connecting 
X ■ t with x. See jH]. 

6. Theorem 

Theorem 1. Let V he a smooth vector field on a smooth closed manifold M . 
Denote by <i> : M xR ^ M the flow generated by V. Let £, G i?^(M; R) be a 
cohomology class such that the restriction viewed as a Cech cohomology 
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class € H^{R^;Ji.), vanishes. Then the following properties of ^ are 
equivalent: 

(I) . There exists a smooth Lyapunov 1-form for ($, R^) in the cohomology 
class ^ and the subset is closed. 

(II) . For any Riemannian metric on M there exist 5 > and T > 1 such 
that the homology class z G Hi(M;Zi) associated with an arbitrary {5,T)- 
cycle {x,t) of the flow, with x € C^, satisfies {£,,z) < —1. 

(III) . The subset is closed and there exists a constant rj > such that 
for any ^-invariant positive Borel measure ^ on M the asymptotic cycle 

= A^{^) G i7i(M;R) satisfies 

(6.1) (e,^^) < -r?-/i(Q). 

(IV) . The subset is closed and for any (^-invariant positive Borel mea- 
sure II on X with n{C^) > 0, the asymptotic cycle = A^{^) € Hi{M;'R) 
satisfies 

(6.2) {^,A^)<0. 

The main point of this result is that it gives sufficient homological condi- 
tions for the existence of a Lyapunov 1-form in the cohomology class ^. 

Condition JSl} can be reformulated using the notion of a quasi-regular 
point. Recall that x € X is a quasi-regular point of the flow <I> : X x R — > X 
if for any continuous function / : X — > R the limit 

1 /•* 

(6.3) lim - / f{x ■ s)ds 

t^oo t Jq 

exists. It follows from the ergodic theorem that the subset Q C X of all 
quasi-regular points has full measure with respect to any <I>-invariant positive 
Borel measure on X, see |llj . page 106. From the Riesz representation 
theorem, see e.g. ^S]) page 256, one deduces that for any quasi-regular 
point X G Q there exists a unique positive flow-invariant Borel measure fix 
with ;U^(X) = 1 satisfying 

(6.4) lim - / f{x- s)ds = 

t^oc t Jq 

for any continuous function /. We use below the well-known fact that any 
positive, ^-invariant Borel measure with fi{X) = 1 belongs to the weak* 
closure of the convex hull of the set of measures fix, x & Q, see p. 108. 

If the subset C X is closed, and hence compact, one can apply the 
above mentioned facts to the restriction of the flow to C^. Let w be an 
arbitrary smooth closed 1-form lying in the cohomology class ^. For any 
quasi-regular point x G of the flow ^\c^ one has 

1 r^'* 1 /■* 

(6.5) lim - / LO = lim - / iy(u;)(x • s)ds = 

t Jx t Jo 

iv{uj)dflx = (C^AtJ- 
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We therefore conclude that condition (III) is equivalent to: 
(III') The subset is closed and there exists a constant tj > such that 
for any quasi-regular point x (z C^, 



x-t 



(6.6) lim - / LV < —rj, 

t-*oo t 



X 



where uj is an arbitrary closed 1-form in class 

The value of the limit ()6.6|) is independent of the choice of a closed 1-form 
uj; the only requirement is that lo lies in the cohomology class 

In the special case ^ = the set is empty and R = R^. The above 
statement then reduces to the following well-known theorem of C.Conley - 
see P and dHI, Theorem 3.14: 

Proposition 2. (C. Conley) Let V be a smooth vector field on a smooth 
closed manifold M . Denote by ^ : M x R ^ M the flow generated by V 
and by R the chain recurrent set of ^. Then there exists a smooth Lyapunov 
function L : M ^ R for (<I>, R). This means that V{L) < on Ad — R and 
dL = pointwise on R. 

Proposition [21 is used in the proof of Theorem^ 

As we could not find a proof of this statement in the literature we present 
one in the appendix. 

7. Proof of Theorem [T] 

The implication (I) =^ (II) follows from the proof of Proposition 4 in 0. 
(II) =^ (III) By 6 , Theorem 2, the set is closed. Now we want to 
show that the inequality (|6.2|) is satisfied for any positive ^-invariant Borel 
measure ^ on X with IJ.{C^) > 0. Fix a closed 1-form to in the cohomology 
class ^. By Lemma 6 from jH], there exist constants a > and /3 > such 
that for any x € and t > 0, one has 

rx-t 

UJ < -at + p. 



Set to = 'ifija. Then for any x S and t > to we have 

1 r* a 

With any quasi-regular point x G one associates in a canonical way a 

positive ^-invariant Borel measure on C^, see above. It has the property 
that 



1 



x-t 



(7.2) lim - / UJ = Lv{^)dl^x- 

t Jx Jm 

From (|7.H) and (|7.2j) one obtains 

(7.3) (^,^^J<_|<0 
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for any quasi-regular point x G C^. According to 11 , page 108, any 
positive ^-invariant Borel measure /i with ^{M) = /u(Cg) = 1 belongs 
to the weak* closure of the convex hull of the set of measures {^x]x G 
is quasi-regular}; hence 

(7.4) (e,-4,)<-|<0. 

It is well known that every (finite) positive ^-invariant Borel measure is 
supported on R = R^U C^, see e.g. Proposition 4.1.18, page 141. As 
R^ and are closed and flow-invariant we may write /i = + where 
Hi,IJ,2 are ^>-invariant and /ii is supported on R^, while H2 is supported on 
Q. It folllows from ((7^ that Afj,^) < -^■^2(0^). Further, we claim that 
{^,A^j^) = for the following reason. Since = (as a Cech cohomology 
class), for any smooth closed 1-form u; on M representing ^ there exists a 
smooth function / defined on an open neighborhood of R^ such that uj = df 
near R^. Then we obtain 

(7.5) {^,A^,)= [ tv{oj)dfii= [ Lv{oj)dfii= I V{f)df,i=0. 

JM JRl- JR/r 

The last equality holds since the measure fii is ^-invariant (see e.g. [TB] , 
Theorem on page 277). Finally, as Af^ = A^-^ + Afj,^ we see that (^,^^) < 
—T] ■ n{C^) with r] = a/2 which completes the proof of (II) =^ (HI)- 
The implication (III) ^ (VI) is obvious. 

We are left to show the implication (IV) ^ (I). Our argument uses the 
technique of Schwartzman • It is to show that under the conditions (IV) 
there exists a smooth Lyapunov 1-form for (<I>,i?g) in the class ^. In a first 
step we prove that there exists a smooth, closed 1-form uJi in the class ^ so 
that iv{uji) < on Q. To this end, denote by P C C°(M) the space of 
functions 

V = {V{f); / : M ^ R is smooth} 

and by C~ the convex cone in C°(M) consisting of all functions / G C°{M) 
with 

f{x) < for all X £ C^. 

As is compact, the cone C~ is open in the Banach space C^{M) of 
continuous functions on M, endowed with the usual supremum norm. 
Choose an arbitrary smooth, closed 1-form oo in the class ^. Assume that 
C~ n {iv{^) +2^) = 0. It then follows from the Hahn - Banach Theo- 
rem (cf. ^nj) page 58) that there exists a continuous linear functional 
A : C°(M) ^ R so that 

ALvH+© ^ A|c- < 0. 

Since ivioj)^-!) is an affine subspace and A is bounded on it from below, we 
obtain that A restricted to T> vanishes. According to the Riesz representation 
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theorem (cf. ^2]); there exists a Borel measure /x on M so that 

A(/) = / fdfi 

for any / € C^{M). By Theorem |16| . page 277, the condition A|x) = 
imphes that fj, is <I>-invariant. On the other hand, A\q~ < imphes that 
/ilcj > 0. 

Denote by x ^ ^ R- the characteristic function of and let i/ = x ■ A*- 
As is ^-invariant u is a ^-invariant Borel measure and (unlike, possibly, 
n) is positive. Note that fi — u is a ^-invariant Borel measure supported on 
(again using that any ^-invariant measure is supported on R = R^UC^). 
Thus, it follows from our assumption = 0, by the same argument which 
led to (f73|) . that 

= 0. 

Since A^-u = A^ — Au we find 

(e, A) = {.i,A^) = [ tv{uj)dfi = A(/) > 

where / = lv{^^), contradicting condition (IV). This means that the inter- 
section n (ty (w) +P) cannot be empty, i.e. there exists a smooth function 

: M ^ R so that the smooth closed 1-form toi = uj + dg is in the class 
and satisfies 

Lv{uJi) < on C^. 

This completes the first step of the proof. 

To finish the argument, we now adjust uJi on the complement of so 
that the resulting form is a Lyapunov 1-form for (<I>,i?^). As lv{uji) < 
on and is compact, there is some open neighborhood Wi of such 
that Wi n i?^ = and ivi^i) < on Wi. Since ^{n^ = 0, there exists an 
open neighborhood W2 of R^ such that Wi D W2 = and a smooth function 

: M — > R such that iOi\w2 ~ ^9 dg\wi = 0. By Proposition |21 there 
exists a smooth Lyapunov function L : M — > R for ($, i?). Now consider 

(7.6) UJ2 = ^1 — dg + XdL, 

where A > remains to be chosen. Clearly, the form 002 is smooth and 
closed and represents the class ^. For any A > it satisfies uj2\w2 — d{XL), 
because uji — dg vanishes on this set. In particular, 102 has property (A2) of 
a Lyapunov 1-form for the pair ($, i?^). Note also that for all positive A we 
have iy (0^2) < on Wi (by the construction of Wi) and on W2 — R^ because 
ioi — dg vanishes there, whereas V{L) < 0. As the complement of Wi U W2 
is compact and disjoint from R, 

, , li'vi^i — dg)\ 
1 < Ao := 1 + sup 1^,.^., < 00, 

and < on M — R^ for all A > Aq, showing that for such choices 

of A the form L02 also has property (Al) of a Lyapunov 1-form for ("3>,i2g). 
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This completes the proof of the imphcation (IV) =^ (I) and hence the proof 
of Theorem^ □ 

Appendix: Proof of Proposition El 

Recall from (Ij II 6. 2. A] the alternative characterization of the chain re- 
current set R as 

i? = {A U A* I {A, A*) is an attractor-repeller pair} 

Here a closed, flow-invariant subset ^ C M is called an attractor if it admits 
a neighborhood U such that A is the maximal flow-invariant subset in the 
closure of U ■ [0, oo). The dual repeller A* is the set of all points x € M 
whose forward limit set is disjoint from A (cf. II 5.1]). Equivalently, 
(A, A*) is an attractor-repeller pair if and only if both A and A* are closed 
flow invariant subsets of M and the forward (resp. backward) limit set of 
every point x ^ AU A* is contained in A (resp. ^4*) - see jl4| Prop. 1.4.]. 

As M is a closed manifold and hence separable, the number of dis- 
tinct attractor-repeller pairs is at most countable (cf. ^ II 6.4.A]). Let 
{(A„,A*)}„>i be some enumeration. For each n > 1, the construction of 
Robbin and Salamon (Prop. 1.4. of |14| and the remark following it) yields 
a smooth function /„ : M ^ [0,1] with f~^{0) = An, fn^{l) = A^ and 
dfn{V) < on the complement of An U ^* . Let Cn be positive constants 
such that in a fixed finite atlas of charts all partial derivatives of /„, of order 
< n are bounded pointwise in absolute value by Cn- Then 



L(x) 



n=l 



is a smooth function having the required properties. In particular, as for 
any n > 1 the differential dfn vanishes on An U j4* , the differential of L 
vanishes on R. □ 
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